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Solution to Problem Set 3 

 

1. The function 𝐹: [0, +∞) → ℝ is a power function on the intervals [0, 𝑅) and (𝑅, +∞) separately, so it is 

continuous on [0, 𝑅) and on (𝑅, +∞).  At 𝑅, we have 

lim
𝑟→𝑅−

𝐹(𝑟) = lim
𝑟→𝑅−

𝐺𝑀𝑟

𝑅3
=

𝐺𝑀𝑅

𝑅3
=

𝐺𝑀

𝑅2
, 

lim
𝑟→𝑅+

𝐹(𝑟) = lim
𝑟→𝑅+

𝐺𝑀

𝑟2
=

𝐺𝑀

𝑅2
, 

𝐹(𝑅) =
𝐺𝑀

𝑅2
. 

Since lim
𝑟→𝑅

𝐹(𝑟) =
𝐺𝑀

𝑅2 = 𝐹(𝑅), it follows that 𝐹 is continuous at 𝑅 too.  Therefore 𝐹 is a continuous function 

(throughout its domain [0, +∞)). 

 

2. On the intervals (−∞, 0) and (0, +∞), 𝑓  is always continuous since it is a combination of well-defined 

elementary functions only.  In order for 𝑓 to be continuous at 0, we need to require that 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0+

𝑓(𝑥) = 𝑓(0). 

Now we have 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

(𝑒𝑥 +
sin 2𝑥

𝑥
) = lim

𝑥→0−
𝑒𝑥 + 2 ⋅ lim

𝑥→0−

sin 2𝑥

2𝑥
= 𝑒0 + 2 ⋅ 1 = 3, 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

(3 sin 𝑥 + 𝑎𝑒𝑥) = 3 ⋅ lim
𝑥→0+

sin 𝑥 + 𝑎 ⋅ lim
𝑥→0+

𝑒𝑥 = 3 ⋅ 0 + 𝑎 ⋅ 𝑒0 = 𝑎, 

𝑓(0) = 3 sin 0 + 𝑎𝑒0 = 𝑎; 

so we must have 𝑎 = 3. 

 

3. (a) First note that lim
𝑥→

𝜋

2

cos 𝑥 = cos
𝜋

2
= 0.  Since tan is continuous at 0, we have 

lim
𝑥→

𝜋
2

tan(cos 𝑥) = tan (lim
𝑥→

𝜋
2

cos 𝑥) = tan 0 = 0. 

Finally since sin is continuous at 0, it follows that 

lim
𝑥→

𝜋
2

sin(tan(cos 𝑥)) = sin (lim
𝑥→

𝜋
2

tan(cos 𝑥)) = sin 0 = 0. 

 

(b) First note that 

lim
𝑥→1

1 − √𝑥

1 − 𝑥
= lim

𝑥→1
(

1 − √𝑥

1 − 𝑥
⋅

1 + √𝑥

1 + √𝑥
) = lim

𝑥→1

1 − 𝑥

(1 − 𝑥)(1 + √𝑥)
= lim

𝑥→1

1

1 + √𝑥
=

1

1 + √1
=

1

2
. 

Since arcsin is continuous at 
1

2
, we have 

lim
𝑥→1

arcsin
1 − √𝑥

1 − 𝑥
= arcsin (lim

𝑥→1

1 − √𝑥

1 − 𝑥
) = arcsin

1

2
=

𝜋

6
. 
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(c) First note that for every 𝑥 > 0 we have −1 ≤ sin 𝑥 ≤ 1, so −
1

𝑥
≤

sin 𝑥

𝑥
≤

1

𝑥
.  Since lim

𝑥→+∞
−

1

𝑥
= 0 = lim

𝑥→+∞

1

𝑥
, 

by Squeeze Theorem we have lim
𝑥→+∞

sin 𝑥

𝑥
= 0.  Since the exponential function is continuous at 0, we have 

lim
𝑥→+∞

2
sin 𝑥

𝑥 = 2
lim

𝑥→+∞

sin 𝑥
𝑥 = 20 = 1. 

 

(d) First note that for every 𝑥 ≠ 0 we have −1 ≤ cos
1

𝑥
≤ 1, and so 1 − 𝑥2 ≤ 1 + 𝑥2 cos

1

𝑥
≤ 1 + 𝑥2.  Since 

lim
𝑥→0

(1 − 𝑥2) = 1 and lim
𝑥→0

(1 + 𝑥2) = 1, according to Squeeze Theorem we have 

lim
𝑥→0

(1 + 𝑥2 cos
1

𝑥
) = 1. 

Finally since ln is continuous at 1, we have 

lim
𝑥→0

ln (1 + 𝑥2 cos
1

𝑥
) = ln 1 = 0. 

 

4. (a) First note that 

lim
𝑥→+∞

√𝑥 + 1 − √𝑥

2
= lim

𝑥→+∞
(

√𝑥 + 1 − √𝑥

2
⋅

√𝑥 + 1 + √𝑥

√𝑥 + 1 + √𝑥
) 

= lim
𝑥→+∞

(𝑥 + 1) − 𝑥

2(√𝑥 + 1 + √𝑥)
= lim

𝑥→+∞

1

2(√𝑥 + 1 + √𝑥)
= 0. 

Since the function sin is continuous at 0, we have 

lim
𝑥→+∞

sin
√𝑥 + 1 − √𝑥

2
= sin ( lim

𝑥→+∞

√𝑥 + 1 − √𝑥

2
) = sin 0 = 0. 

 

(b) For every 𝑥 ≥ 0, the sum-to-product formula gives 

sin √𝑥 + 1 − sin √𝑥 = 2 cos
√𝑥 + 1 + √𝑥

2
sin

√𝑥 + 1 − √𝑥

2
. 

Since −2 ≤ 2 cos
√𝑥+1+√𝑥

2
≤ 2 for every 𝑥 ≥ 0, we have 

−2 sin
√𝑥 + 1 − √𝑥

2
≤ 2 cos

√𝑥 + 1 + √𝑥

2
sin

√𝑥 + 1 − √𝑥

2
≤ 2 sin

√𝑥 + 1 − √𝑥

2
          for every 𝑥 ≥ 0 

(why not −2 |sin
√𝑥+1−√𝑥

2
| ≤ 2 cos

√𝑥+1+√𝑥

2
sin

√𝑥+1−√𝑥

2
≤ 2 |sin

√𝑥+1−√𝑥

2
|?).  Now according to (a) we have 

lim
𝑥→+∞

2 sin
√𝑥 + 1 − √𝑥

2
= 0       and       lim

𝑥→+∞
−2 sin

√𝑥 + 1 − √𝑥

2
= 0, 

so by Squeeze Theorem we have 

lim
𝑥→+∞

(sin √𝑥 + 1 − sin √𝑥) = lim
𝑥→+∞

(2 cos
√𝑥 + 1 + √𝑥

2
sin

√𝑥 + 1 − √𝑥

2
) = 0. 
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5. (⇒) If lim
𝑥→𝑎

𝑓(𝑥) = 0, then since the absolute value function is continuous, we have 

lim
𝑥→𝑎

|𝑓(𝑥)| = |lim
𝑥→𝑎

𝑓(𝑥)| = |0| = 0. 

 

(⇐) Suppose that lim
𝑥→𝑎

|𝑓(𝑥)| = 0.  Since 

−|𝑓(𝑥)| ≤ 𝑓(𝑥) ≤ |𝑓(𝑥)| 

for every 𝑥 near 𝑎 and lim
𝑥→𝑎

−|𝑓(𝑥)| = lim
𝑥→𝑎

|𝑓(𝑥)| = 0, we have 

lim
𝑥→𝑎

𝑓(𝑥) = 0 

by Squeeze Theorem. ∎ 

 

6. Since 𝑓 is a polynomial, it is a continuous function.  We check that 

𝑓(0) = 0𝑛 − 𝑎𝑛−10𝑛−1 − 𝑎𝑛−20𝑛−2 − ⋯ − 𝑎1 ⋅ 0 − 𝑎0 

= −𝑎0 

< 0 

and 

𝑓(1) = 1𝑛 − 𝑎𝑛−11𝑛−1 − 𝑎𝑛−21𝑛−2 − ⋯ − 𝑎1 ⋅ 1 − 𝑎0 

= 1 − (𝑎0 + 𝑎1 + ⋯ + 𝑎𝑛−1) 

> 0. 

Applying Intermediate Value Theorem to 𝑓 on the bounded closed interval [0, 1], we conclude that there exists 

𝑐 ∈ (0, 1) such that 𝑓(𝑐) = 0, i.e. 𝑓 has a root 𝑐 ∈ (0, 1). ∎ 

 

7. Let 𝑔: [0, 1] → ℝ be the function defined by 

𝑔(𝑥) = 𝑓(𝑥) − 𝑓(𝑥 + 1). 

Since 𝑓 is continuous, 𝑔 is also continuous.  We check that 

𝑔(0) = 𝑓(0) − 𝑓(1) 

and 

𝑔(1) = 𝑓(1) − 𝑓(2) = 𝑓(1) − 𝑓(0). 

Now we claim that there exists 𝑐 ∈ [0, 1] such that 𝑔(𝑐) = 0.  We consider the following two cases: 

(i) If 𝑓(0) = 𝑓(1), then the number 𝑐 = 0 verifies our claim. 

(ii) If 𝑓(0) ≠ 𝑓(1), then 

𝑔(0)𝑔(1) = [𝑓(0) − 𝑓(1)][𝑓(1) − 𝑓(0)] < 0, 

so our claim follows by applying Intermediate Value Theorem to 𝑔 on the bounded closed interval [0, 1]. 

Therefore, there exists 𝑐 ∈ [0, 1] such that 𝑓(𝑐) = 𝑓(𝑐 + 1). ∎ 
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8. (a) Let 𝑓(𝑥) = 𝑥3 − 4𝑥 − 1 so that the given equation is simply 𝑓(𝑥) = 0.  Since 𝑓 is a polynomial, it is 

 continuous on ℝ.  Now we have 

𝑓(−1) = 2 > 0          and          𝑓(0) = −1 < 0. 

Applying Intermediate Value Theorem to 𝑓 on the bounded closed interval [−1, 0], we conclude that there 

exists 𝑐 ∈ (−1, 0) such that 𝑓(𝑐) = 0, i.e. there is a solution to the given equation in the interval (−1, 0). 

 

(b) Let 𝑔(𝑥) = ln 𝑥 − 𝑥 + √𝑥 so that the given equation is simply 𝑔(𝑥) = 0.  𝑔 is a continuous function on the 

interval (0, +∞).  Now we have 

𝑔(2) = ln 2 − 2 + √2 > 0          and          𝑔(3) = ln 3 − 3 + √3 < 0. 

Applying Intermediate Value Theorem to 𝑔 on the bounded closed interval [2, 3], we conclude that there 

exists 𝑐 ∈ (2, 3) such that 𝑔(𝑐) = 0, i.e. there is a solution to the given equation in the interval (2, 3). 

 

(c) Let ℎ(𝑥) = cos √𝑥 − 𝑒𝑥 + 2 so that the given equation is simply ℎ(𝑥) = 0.  ℎ is a continuous function on 

the interval [0, +∞).  Now we have 

ℎ(0) = cos √0 − 𝑒0 + 2 = 2 > 0          and          ℎ(1) = cos √1 − 𝑒1 + 2 < 0. 

Applying Intermediate Value Theorem to ℎ on the bounded closed interval [0, 1], we conclude that there 

exists 𝑐 ∈ (0, 1) such that ℎ(𝑐) = 0, i.e. there is a solution to the given equation in the interval (0, 1). 

 

9. For every 𝑥 ∈ ℝ ∖ {1}, we have 

lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
= lim

ℎ→0

(𝑥 + ℎ) + 1
(𝑥 + ℎ) − 1

−
𝑥 + 1
𝑥 − 1

ℎ
= lim

ℎ→0

(𝑥 − 1)(𝑥 + ℎ + 1) − (𝑥 + 1)(𝑥 + ℎ − 1)

ℎ(𝑥 − 1)(𝑥 + ℎ − 1)
 

= lim
ℎ→0

2𝑥 − 2(𝑥 + ℎ)

ℎ(𝑥 − 1)(𝑥 + ℎ − 1)
= lim

ℎ→0

−2

(𝑥 − 1)(𝑥 + ℎ − 1)
=

−2

(𝑥 − 1)2
. 

Therefore 𝑓 is differentiable on ℝ ∖ {1}, and its derivative 𝑓′: ℝ ∖ {1} → ℝ is given by 

𝑓′(𝑥) =
−2

(𝑥 − 1)2
. 

 

10. For every 𝑥 ∈ (0,
𝜋

2
), we have 

lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
= lim

ℎ→0

csc(2(𝑥 + ℎ)) − csc 2𝑥

ℎ
= lim

ℎ→0

1
sin(2𝑥 + 2ℎ)

−
1

sin 2𝑥

ℎ
 

= lim
ℎ→0

sin 2𝑥 − sin(2𝑥 + 2ℎ)

ℎ sin 2𝑥 sin(2𝑥 + 2ℎ)
= lim

ℎ→0

−2 sin ℎ cos(2𝑥 + ℎ)

ℎ sin 2𝑥 sin(2𝑥 + 2ℎ)
 

= (lim
ℎ→0

sin ℎ

ℎ
) [lim

ℎ→0

−2 cos(2𝑥 + ℎ)

sin 2𝑥 sin(2𝑥 + 2ℎ)
] 

= 1 ⋅
−2 cos 2𝑥

sin2 2𝑥
= −2 csc 2𝑥 cot 2𝑥 . 

Therefore 𝑓 is differentiable on (0,
𝜋

2
), and its derivative 𝑓′: (0,

𝜋

2
) → ℝ is given by 

𝑓′(𝑥) = −2 csc 2𝑥 cot 2𝑥. 



MATH1013  Calculus I  Problem Set 3 
L02, L10 (Fall 2025)   

Page 5 of 8 

11. For every 𝑥 ∈ (−1, +∞), we have 

lim
ℎ→0

ln(1 + (𝑥 + ℎ)) − ln(1 + 𝑥)

ℎ
= lim

ℎ→0

1

ℎ
ln (

1 + 𝑥 + ℎ

1 + 𝑥
) = lim

ℎ→0

1

ℎ
ln (1 +

ℎ

1 + 𝑥
) = lim

ℎ→0
ln (1 +

ℎ

1 + 𝑥
)

1
ℎ

 

= ln lim
ℎ→0

(1 +
ℎ

1 + 𝑥
)

1
ℎ

              (since ln is continuous) 

= ln [lim
ℎ→0

(1 +
ℎ

1 + 𝑥
)

1+𝑥
ℎ

]

1
1+𝑥

= ln (𝑒
1

1+𝑥) =
1

1 + 𝑥
. 

This shows that 

𝑑

𝑑𝑥
ln(1 + 𝑥) =

1

1 + 𝑥
          for every 𝑥 ∈ (−1, +∞). 

 

12. (a) If 𝑥 > 0, then 

lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
= lim

ℎ→0

2 − 2

ℎ
= lim

ℎ→0
0 = 0, 

so 𝑓′(𝑥) = 0; if 𝑥 < 0, then 

lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
= lim

ℎ→0

1 − 1

ℎ
= lim

ℎ→0
0 = 0, 

so 𝑓′(𝑥) = 0 also.  Therefore 𝑓′(𝑥) = 0 for every 𝑥 ≠ 0. 

 

(b) Since 𝑓′(𝑥) = 0 for every 𝑥 ≠ 0, we have 

lim
𝑥→0

𝑓′(𝑥) = lim
𝑥→0

0 = 0. 

 

(c) Consider the limit lim
ℎ→0

𝑓(0+ℎ)−𝑓(0)

ℎ
.  We have 

lim
ℎ→0−

𝑓(0 + ℎ) − 𝑓(0)

ℎ
= lim

ℎ→0−

1 − 2

ℎ
= lim

ℎ→0−

−1

ℎ
= +∞ 

but 

lim
ℎ→0+

𝑓(0 + ℎ) − 𝑓(0)

ℎ
= lim

ℎ→0+

2 − 2

ℎ
= lim

ℎ→0+
0 = 0. 

Therefore the limit lim
ℎ→0

𝑓(0+ℎ)−𝑓(0)

ℎ
 does not exist, i.e. 𝑓 is not differentiable at 0. 

 

Alternative solution:  Since 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

1 = 1       but       lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

2 = 2, 

the limit lim
𝑥→0

𝑓(𝑥)  does not exist.  Therefore 𝑓  is discontinuous at 0 , and in particular, 𝑓  is not 

differentiable at 0.  
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13. (a) Suppose that 𝑓 is even.  Then by definition, we have 

𝑓′(−𝑥) = lim
ℎ→0

𝑓(−𝑥 + ℎ) − 𝑓(−𝑥)

ℎ
= lim

ℎ→0

𝑓(𝑥 − ℎ) − 𝑓(𝑥)

ℎ
       (𝑓 is even) 

= lim
𝑡→0

−
𝑓(𝑥 + 𝑡) − 𝑓(𝑥)

𝑡
                            (Change of variable 𝑡 = −ℎ) 

= −𝑓′(𝑥) 

for every 𝑥 ∈ ℝ.  Therefore 𝑓′ is odd. 

 

(b) Suppose that 𝑓 is odd.  Then by definition, we have 

𝑓′(−𝑥) = lim
ℎ→0

𝑓(−𝑥 + ℎ) − 𝑓(−𝑥)

ℎ
= lim

ℎ→0

−𝑓(𝑥 − ℎ) + 𝑓(𝑥)

ℎ
      (𝑓 is odd) 

= lim
𝑡→0

𝑓(𝑥 + 𝑡) − 𝑓(𝑥)

𝑡
                               (Change of variable 𝑡 = −ℎ) 

= 𝑓′(𝑥) 

for every 𝑥 ∈ ℝ.  Therefore 𝑓′ is even. 

 

(c) Suppose that 𝑓 is periodic, with a period 𝑇.  Then by definition, we have 

𝑓′(𝑥 + 𝑇) = lim
ℎ→0

𝑓(𝑥 + 𝑇 + ℎ) − 𝑓(𝑥 + 𝑇)

ℎ
= lim

ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
      (𝑇 is a period of 𝑓) 

= 𝑓′(𝑥) 

for every 𝑥 ∈ ℝ.  Therefore 𝑓′ is also periodic with a period 𝑇. 

 

14. Since 𝑓 is continuous at 0, we must have 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0−

𝑓(𝑥) = 𝑓(0). 

Now 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

[𝑏(sin 𝑥 + cos 𝑥) + 𝑐] = 𝑏(sin 0 + cos 0) + 𝑐 = 𝑏 + 𝑐, 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

2𝑥

1 + 𝑒
1
𝑥

=
2(0)

1 + 0
= 0, 

𝑓(0) = 𝑎, 

so 𝑎 = 0 and 𝑏 + 𝑐 = 0.  Moreover, since 𝑓 is differentiable at 0, we must have 𝑓+
′(0) = 𝑓−

′(0).  Now 

𝑓+
′(0) = lim

𝑥→0+

𝑓(𝑥) − 𝑓(0)

𝑥
= lim

𝑥→0+

𝑏(sin 𝑥 + cos 𝑥) + 𝑐⏞
=−𝑏

− 𝑎⏞
=0

𝑥
= 𝑏 lim

𝑥→0+

sin 𝑥 + cos 𝑥 − 1

𝑥
 

= 𝑏 lim
𝑥→0+

sin 𝑥 − 2 sin2(𝑥/2)

𝑥
= 𝑏 lim

𝑥→0+
(

sin 𝑥

𝑥
−

sin(𝑥/2)

𝑥/2
sin

𝑥

2
) = 𝑏 (1 − 1 sin

0

2
) = 𝑏 

and 

𝑓−
′(0) = lim

𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥
= lim

𝑥→0−

2𝑥
1 + 𝑒1/𝑥 − 0

𝑥
= lim

𝑥→0−

2

1 + 𝑒1/𝑥
=

2

1 + 0
= 2, 

so we have 𝑏 = 2 and 𝑐 = −2.  
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15.  

 

 

 

 

 

 

 

 

16. The derivative of the given function 𝑓 is 

𝑓′(𝑥) =
(5)(1 + 𝑥2) − (5𝑥)(2𝑥)

(1 + 𝑥2)2
=

5(1 − 𝑥2)

(1 + 𝑥2)2
. 

 

(a) Note that 𝑓(2) =
5⋅2

1+22 = 2.  At the point (2, 𝑓(2)) = (2, 2), the slope of the tangent line to the graph of 𝑓 

is 𝑓′(2) =
5(1−22)

(1+22)2 = −
3

5
.  Therefore the equation of the required tangent line is given by 

𝑦 − 2 = −
3

5
(𝑥 − 2), 

i.e. 3𝑥 + 5𝑦 − 16 = 0. 

 

(b) Note that 𝑓(3) =
5⋅3

1+32 =
3

2
.  At the point (3, 𝑓(3)) = (3,

3

2
), the slope of the tangent line to the graph of 𝑓 

is 𝑓′(3) =
5(1−32)

(1+32)2 = −
2

5
, and so the slope of the normal line to the graph of 𝑓 is 

5

2
.  Therefore the equation 

of the required normal line is given by 

𝑦 −
3

2
=

5

2
(𝑥 − 3), 

i.e. 5𝑥 − 2𝑦 − 12 = 0. 

 

17. The derivative of the quadratic polynomial 𝑓 is given by 

𝑓′(𝑥) = 2𝑎𝑥 + 𝑏. 

At the point where the graph of 𝑓 intersects the 𝑦-axis, i.e. when 𝑥 = 0, we have  

𝑓′(0) = 2𝑎(0) + 𝑏 = 𝑏. 

This shows that 𝑏 is the slope of the tangent line to the parabola at the point where it intersects the 𝑦-axis. ∎ 

 

  

𝑦 = 𝑓(𝑥) 

0 

−2 

2 

3 −3 

𝑦 = 𝑓(𝑥) 

Slope = 𝑏 
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18. (a)  

𝑓′(𝑥) =
(1013𝑥1012)(1013𝑥 + 1) − (𝑥1013 + 1)(1013)

(1013𝑥 + 1)2
 

=
1013(1012𝑥1013 + 𝑥1012 − 1)

(1013𝑥 + 1)2
 

 

(b)  

𝑓′(𝑥) =
(1) (𝑥 +

2
𝑥

) − (𝑥) (1 −
2

𝑥2)

(𝑥 +
2
𝑥

)
2  

=
4

𝑥 (𝑥 +
2
𝑥

)
2 

 

(c)  

𝑓′(𝑥) =
(1)(sin 𝑥) − (𝑥)(cos 𝑥)

(sin 𝑥)2
+ 0 

=
sin 𝑥 − 𝑥 cos 𝑥

sin2 𝑥
 

= csc 𝑥 − 𝑥 csc 𝑥 cot 𝑥 

 

(d)  

𝑓′(𝑥) =
(1)(sec 𝑥 + tan 𝑥) − (𝑥)(sec 𝑥 tan 𝑥 + sec2 𝑥)

(sec 𝑥 + tan 𝑥)2
 

=
(sec 𝑥 + tan 𝑥)(1 − 𝑥 sec 𝑥)

(sec 𝑥 + tan 𝑥)2
 

=
1 − 𝑥 sec 𝑥

sec 𝑥 + tan 𝑥
 

sin 𝑎

𝑎
 is a real constant! 


