MATH1013 Calculus | Problem Set 3
L02, L10 (Fall 2025)

Solution to Problem Set 3

1. The function F:[0,4+o) —» R is a power function on the intervals [0,R) and (R,+o0) separately, so it is
continuous on [0,R) andon (R,+). At R, we have
b Fo = qi GMT _GMR _ GM
r—lgl‘ (r)_rlrl?‘ R® ~ R3  RZ’

lim F — i GM _ GM
r—1>r1£1+ ) = r—1>r1131+ rz ~ Rz’

GM

Since lirr; F(r) = Z—I:I = F(R), it follows that F is continuous at R too. Therefore F is a continuous function
Tr—

(throughout its domain [0, +0)).

2. On the intervals (—,0) and (0,+), f is always continuous since it is a combination of well-defined
elementary functions only. In order for f to be continuous at 0, we need to require that
lim f(x) = lim f(x) = f(0).
x>0~ x-0%
Now we have

sin 2x sin 2x

=e’+2-1=3,

)= lim e* + 2 - lim
x-0" x-0"

lim f(x) = lim (e" +
x-0~ x-0~"
. _ . . X — . : 3 . i X — . . 0 =
xllrggrf(x) —)}Lr(gl+(351nx+ae )=3 xllr(r)l+smx+a xll,%l+e 3:0+a-e a,
f(0) =3sin0 + ae® = q;

so we must have a = 3.

3. (a) Firstnotethat limcosx = cosg = 0. Since tan is continuous at 0, we have

x>
2

lim tan(cos x) = tan (lirpT cos x) =tan0 = 0.

x—>7 X—>§

Finally since sin is continuous at 0, it follows that

lim sin(tan(cos x)) = sin <lirr71T tan(cos x)) =sin0 = 0.
X—>§ x—>7

(b) First note that
I 1—+/x " <1—\/§ 1+\/§> i 1—x y 1 1 1
im = lim . = lim = lim = =—,
1-x 1++x) =1(1-x)(1+vx) *»11+Vx 1+V1 2

-1 1—x x-1
. . . . 1
Since arcsin is continuous at E’ we have

) S 1—-vx .. 1—=A+/x 1w
lim arcsin = arcsin | lim = arcsin— = —.
x—>1 1—x -1 1—x 2 6
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sinx

. . 1 .1
Since lim —==0= lim -
X—+0 X X—>+00 X

(c) First note that for every x > 0 we have —1 < sinx <1, so —i < <

R IR

X

sinx

by Squeeze Theorem we have lim = 0. Since the exponential function is continuous at 0, we have

x—>+00 X

(d) First note that for every x # 0 we have —1 < cosi <1,and so 1—x2<1+ x? cos% <1+ x2 Since
lirr(}(l —x?)=1 and lirr(l)(l + x2) = 1, according to Squeeze Theorem we have
X xX—
1
lim (1 + x? cos —) =1.
x-0 X

Finally since In is continuous at 1, we have

1
1imln<1 + x? cos;) =Inl=0.

x-0

4. (a) First note that

L RFI-VE <W—ﬁ m+ﬁ>
m ——— = lIm .
a2 xoaco 2 SR

) (x+1)—x ] 1
= hm —_— = hm —_—— = 0
xoro 2(Vx + 1T++x) x>+ 2(Vx+ 1+ Vx)
Since the function sin is continuous at 0, we have

VEFI-Vx < VXT1-VE
——— =sin{ lim ——

lim sin
X—+00 2

X—>+oo 2

)=sin0=0.

(b) Forevery x = 0, the sum-to-product formula gives

sinVx + 1 — sinvVx = 2 cos

Vx+1+vVx  Jx+1-+/x
Sin .
2 2

VX+1+Vx
2

Since —2 < 2 cos < 2 forevery x = 0, we have

-2

foreveryx =0

X TI-vx ViFT+Vx  Viti-vx __  Jx¥i-vx
smeZCos > sin > < 2sin >

(why not —2 |sin%_ﬁ < 2cos x+;+\/§ sin xt_\/} <2 |sin%ﬂ/§ ?).  Now according to (a) we have
NP R Sk .  Vx T Vx
lim 2 smf =0 and lim -2 sm# =0,
X—+00 X—>+00

so by Squeeze Theorem we have

2 2

Vx+1++vx  Jx+1—-+x
lir+n (sinVx + 1 —sinvx) = lir+n <2 cos \/_sin \/_) =0.
X—+00 X—>+0o
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5. (=) If lim f(x) = 0, then since the absolute value function is continuous, we have
x—-a

limf ()] = |lim GO = o = 0.

(&) Suppose that )lci_r)rllllf(x)l = 0. Since
=If Gl < fx) < |f ()]

for every x near a and lim —|f(x)| = lim|f(x)| = 0, we have
x—-a x—-a
limf(x) =0
x—-a

by Squeeze Theorem. [ |

6. Since f isa polynomial, itis a continuous function. We check that

f(0)=0"—a, 10" —a, ,0"? —-—a;-0—a
= —a,
<0
and
f=1"-q, 1"l —q, ,1"2 —..—q, -1 —aq,

= 1 - (ao + a1 + -+ an—l)
> 0.
Applying Intermediate Value Theorem to f on the bounded closed interval [0, 1], we conclude that there exists

¢ € (0,1) suchthat f(c) =0,i.e. f hasaroot c € (0,1). ]

7. Let g:[0,1] » R be the function defined by
gx) =f) - fx+1D.
Since f iscontinuous, g is also continuous. We check that
9(0) =£(0) - f(1)
and
g =fD) - f(2) =1 - f(0).
Now we claim that there exists ¢ € [0,1] suchthat g(c) = 0. We consider the following two cases:
(i) If £(0) = f(1), then the number ¢ = 0 verifies our claim.
(i) 1If £(0) = f(1), then
g(0)gD) = [f(0) - fFDIf D) - F(O] <0,
so our claim follows by applying Intermediate Value Theorem to g on the bounded closed interval [0, 1].

Therefore, there exists ¢ € [0,1] suchthat f(c) = f(c + 1). ]
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8. (a) Let f(x) =x3—4x—1 so that the given equation is simply f(x) = 0. Since f is a polynomial, it is
continuouson R. Now we have
f(-1)=2>0 and f(0)=-1<0.
Applying Intermediate Value Theorem to f on the bounded closed interval [—1, 0], we conclude that there

exists ¢ € (—1,0) suchthat f(c) = 0, i.e.there is a solution to the given equation in the interval (—1,0).

(b) Let g(x) =Inx —x ++/x so that the given equation is simply g(x) = 0. g is a continuous function on the
interval (0,+c0). Now we have
g2)=In2-2+v2>0 and g(3)=In3-3++V3<0.
Applying Intermediate Value Theorem to g on the bounded closed interval [2,3], we conclude that there

exists ¢ € (2,3) suchthat g(c) = 0, i.e. there is a solution to the given equation in the interval (2, 3).

(c) Let h(x) = cosvx —e* + 2 so that the given equation is simply h(x) = 0. h is a continuous function on
the interval [0,+c). Now we have
h(0) =cosV0—e®+2=2>0 and h(1) = cosVl—el+2<0.
Applying Intermediate Value Theorem to h on the bounded closed interval [0,1], we conclude that there

exists ¢ € (0,1) such that h(c) = 0, i.e. there is a solution to the given equation in the interval (0, 1).

9. Forevery x € R\ {1}, we have
x+h+1 x+1
 fx+h)—fx)  x+h -1 x—-1 . (x-DEx+h+D-x+DE+h-1)
lim———— = lim = lim
h—0 h h—0 h h—0 h(x—1D)(x+h—-1)
] 2x —2(x + h) ) -2 -2
= lim = lim = .
r~0h(x —1)(x+h—-1) hrso(x—1D(x+h—-1) (x—1)2

Therefore f is differentiable on R\ {1}, and its derivative f":R\ {1} - R is given by

F&=a—o7
10. Forevery x € (O, g), we have
1 1

 fx+h)—fx) csc(Z(x + h)) —csc2x sin(2x + 2h)  sin2x
lim = lim = lim
h—0 h h—0 h h—0 h

_ .. sin2x — sin(2x + 2h) i —2sinhcos(2x + h)

= 150 hisin 2x sin(2x + 2h) 75 hsin 2x sin(2x + 2h)

B (l' sin h) i —2cos(2x + h)

“\W2 h ) i sin2x sin(2x + 2h)

—2cos2x
=1 e = —2csc2xcot2x.
sin® 2x

Therefore f is differentiable on (O, g), and its derivative f": (O,g) — R is given by

f'(x) = —2 csc 2x cot 2x.
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11. Forevery x € (—1,4+), we have

1
_In(1+&x+h)-In(1+x) 1 /1+x+h 1 h _ h \R
lim = lim —In <7) = lim—In (1+—> = limIn (1+—>
h—0 h h-0 h 1+x h-0 h 1+x h—0 1+x
1
n
= Inlim (1 + ) (since In is continuous)
h—0 1+x
14+xTx
h \ h 1 1
= In|lim (1 + —) =In (e1+x) =
h-0 1+x 1+x
This shows that
dl(1+) —1 f € (—1,+0)
—_— = - [0¢] .
I n x 1T x or every x ,
12. (a) If x > 0, then
x+h)—f(x 2—-2
limf( )~ &) = lim =1lim0 =0,
h—-0 h h—-0 h—-0
so f'(x) =0;if x <0, then
x+h)—f(x 1-1
limf( )~ &) = lim =1lim0 =0,
h—-0 h h—-0 h—0
so f'(x) =0 also. Therefore f'(x) =0 forevery x # 0.
(b) Since f'(x) =0 forevery x # 0, we have
lim f'(x) = lim 0 = 0.
x—-0 x—-0
(c) Consider the limit }llr%w We have
I f(O+h)—f(0) I 1-2 I -1 +
_— = _— _—= (0]
noo- h noo- ko hbo- h
but
_fO0+m—-fO  2-2
lim ————————~ = lim —— = lim 0 =
h-ot h h-0t h h—0%*

f(0+h)-£(0)
h

Therefore the limit }lll’% does not exist, i.e. f is not differentiable at 0.
-

Alternative solution: Since

A =pr=t e Ip ==

the limit lirréf(x) does not exist. Therefore f is discontinuous at 0, and in particular, f is not
X

differentiable at 0.
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13. (a) Supposethat f iseven. Then by definition, we have

f'(—=x) = }li_r}gf(_x * h})l A = }lii‘%w (f is even)
= ltl_I)lg - w (Change of variable t = —h)
=—f'()
forevery x € R. Therefore f' isodd.
(b) Suppose that f isodd. Then by definition, we have
F(x) = }g%f(—x + h})l —f=0) _ lim —f(x - Z) +f (%) (F is odd)

i L&D )
m—--------

t—0 t
=f'(x)

forevery x € R. Therefore f' iseven.

(Change of variable t = —h)

(c) Supposethat f is periodic, with a period T. Then by definition, we have

fx+T+h)—f(x+T)  fx+h)—f(x)
= lim
h h—0 h

f'x+T)= }llm(lj (T is a period of f)

=f'()

for every x € R. Therefore f' isalso periodic with a period T.

14. Since f iscontinuous at 0, we must have

lim (o) = lim /() = £(0).

Now
lim f(x) = lim [b(sinx + cosx) +c] = b(sin0 +cos0) +c=b +¢,
x—0t x—0t
y o 220 _
xirgl_f(x)—xirgl_ 17140
+ ex
f(0) =a,
so a=0 and b+ c=0. Moreover,since f isdifferentiable at 0, we must have f/(0) = f/(0). Now
=b =0
x)—f(0 b(sinx +cosx)+ ©T — @ sinx + cosx — 1
f1(0) = lim M = lim ( ) =bhlim ——
x-0% X x-0% X x-0+ X
sinx — 2 sin®(x/2 sinx sin(x/2 X 0
=b lim (/)=b1im ——Msin— =b(1—1sin—)=b
x—0+ x x>0t \ x x/2 2 2
and
FO -0 TiemE—0 2 2
L s xX)— o 1+ el/x Y _ —
FO= I T T TeE T 2
sowehave b =2 and ¢ = —2.
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15.
A
7
y=f()
3 0 37
=2

16. The derivative of the given function f is

_ G +x*)—-6x)(2x) 501 -x?)

f1e) (14 x2)2 D
(a) Notethat f(2) = jjz = 2. At the point (2,f(2)) = (2,2), the slope of the tangent line to the graph of f
. , 5(1-22) 3 . . S
is f'(2) = R Therefore the equation of the required tangent line is given by

3
y—2=—g(x—2),

ie. 3x+5y—16=0.

(b) Note that f(3) = 15+':2 = ; At the point (3,f(3)) = (3,;), the slope of the tangent line to the graph of f
. 5(1-32) 2 . .5 .
is f'(3) = e = 5 and so the slope of the normal line to the graph of f is > Therefore the equation

of the required normal line is given by

3
y—5=5(x—3),

ie. 5x —2y—12=0.

17. The derivative of the quadratic polynomial f is given by
f'(x) = 2ax + b.
At the point where the graph of f intersects the y-axis, i.e. when x = 0, we have
f'(0) = 2a(0) + b = b.

This shows that b is the slope of the tangent line to the parabola at the point where it intersects the y-axis. [ |
A

\ y=f(x)/\
\ >

Slope = b
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18. (a)

(b)

(c)

(d)

X X+ —(x +
(1013 1012)(1013 1) —( 1013 1)(1013)
(1013x + 1)2

f'x) =

_1013(1012x1013 4 x1012 _ 1)
- (1013x + 1)2

(42 -w(1-2)

xZ
(:+3)

flx) =

Problem Set 3

vrn (1) (sinx) — (x)(cos x) <[
f1e) = (sinx)2 +0

sin

a .
is a real constant! J

sinx — xcosx

sin? x

= CcScx —xcscxcotx

(1) (secx + tanx) — (x)(secx tan x + sec? x)

fre) =

(secx + tan x)?

(secx + tanx)(1 — x secx)
- (secx + tanx)?

1—xsecx

secx +tanx
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